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The cosmic microwave background (CMB) temperature anisotropies from primordial magnetic
fields are studied. In addition to the known passive and compensated modes we discuss an infla-
tionary magnetic mode in the curvature perturbation, present when magnetic fields are generated
during inflation. This mode is absent if the generation mechanism is causal, e.g. a phase transition.
We compute and discuss the effect of this mode on the observed CMB anisotropy spectrum, in com-
parison with the passive and compensated ones. We find that it dominates the CMB anisotropy,
and consequently leads to stronger constraints on the amplitude B1Mpc and spectral index nB of
the magnetic field than what usually found in CMB analyses from the compensated mode. This
happens in particular for spectral indexes nB > −3: the inflationary magnetic mode is always scale
invariant, therefore through this mode even a magnetic field with a spectrum which is not scale
invariant can leave a detectable signal in the CMB at large scales.
PACS numbers: 98.80.-k,98.80.Cq,98.80.Es,07.55.Db,98.80.Qc
I. INTRODUCTION
The effects of a stochastic primordial magnetic field
on the CMB are many: spectral distortions of the
monopole [1, 2], the generation of scalar, vector and ten-
sor perturbations in the metric affecting both the tem-
perature and the polarization spectra, see e.g. [3–16],
the production of non-Gaussian signatures leading to a
non-zero temperature bispectrum and trispectrum, see
e.g. [17–21], Faraday rotation of CMB polarization, see
e.g. [22, 23]. The most recent observational constraint
from CMB temperature anisotropies on the amplitude
and the spectral index of a primordial magnetic field has
been established using Planck data [24]:
B1Mpc < 3.4 nG with nB < 0 . (1)
This limit has been derived including the magnetic con-
tribution to scalar and vector perturbations, and per-
forming a Markov chain Monte Carlo (MCMC) analysis
of the temperature angular power spectrum.
In general, the magnetic field is modeled as a Gaussian
random field, statistically homogeneous and isotropic,
with a power law spectrum
〈Bi(k, η)B∗j (q, η)〉 = (2π)3δ3(k− q)PijPB(k, η) (2)
PB(k, η) =
{
AB(η) k
nB k ≤ kD(η)
0 k > kD(η) ,
(3)
where Pij = δij − kˆikˆj and kD(η) is a cutoff scale due to
the dissipation of magnetic energy in the cosmic plasma,
which has been first calculated in Refs. [25, 26]. The
quantity in terms of which the CMB bounds are custom-
arily expressed is the magnetic field amplitude smoothed
over a comoving scale λ, set to 1 Mpc in the Planck anal-
ysis [24]:
B2λ =
1
π2
∫
dk k2 PB(k, η0) e
−k2λ2
=
AB(η0)
2π2
Γ[(nB + 3)/2]
λnB+3
. (4)
Here η0 denotes the conformal time today.
The magnetic field, its power spectrum, and the upper
cutoff, kD, depend on time, due not only to the expansion
of the universe but also due to the interaction of the mag-
netic field with the cosmic plasma (for a review, see [27]).
The contribution to the time evolution from interactions
with the cosmic plasma, i.e. MHD cascades, small scale
damping by viscosity and so on, is usually neglected in
CMB analyses (with the exception of [8]). In fact, these
processes operate mainly at small scales, as opposed to
the large scales probed by the CMB. On the other hand,
the non-trivial time evolution may affect CMB analyses
in the large ℓ range, as probed by Planck, or whenever
one accounts for helical magnetic fields undergoing large
scale inverse cascades (see [27] and references therein).
The magnetic field model presented above has been
adopted in CMB analyses since it has the advantage to
be simple and general. Only two parameters enter in
the magnetic field description: once the choice of λ has
been made, these can be cast in the couple (Bλ , nB).
Effectively, when relevant, the damping scale kD can be
expressed in terms of these - see e.g. [18]. Therefore the
constraints on the couple (Bλ , nB) are, at least in prin-
ciple, model independent. In particular, there is no need
to specify the mechanism of generation of the magnetic
field, nor its generation epoch.
The generation of a primordial magnetic field of the
2order of the nanogauss is severely constrained. Causal
generation mechanisms give rise to blue magnetic spectra
PB(k) ∝ k2 peaked on very small scales, which, accord-
ingly, are very small at typical CMB scales [28]. Genera-
tion based on the violation of conformal invariance during
inflation can lead to scale invariant spectra and relevant
magnetic field amplitudes, but has in general other prob-
lems (such as strong coupling, gauge symmetry breaking
or the presence of ghosts, c.f. [29, 30]).
Nonetheless, the aim of the CMB analyses carried out
so far is to constrain the presence of a primordial mag-
netic field in a model independent way, regardless of what
is easy to produce or natural to expect; therefore, in these
analyses one adopts a magnetic field model which is suf-
ficiently general.
In practice, however, the situation is somewhat more
involved. The generation mechanism of the magnetic
field affects not only its spectral index, which is one of
the parameters constrained by MCMC analyses of the
CMB, but also the initial conditions of the Boltzmann
hierarchy right after neutrino decoupling. Up to now,
CMB data analyses have only taken into account the so-
called compensated mode [5–9, 31]: a particular set of
initial conditions giving rise to an isocurvature (ζ = 0)
mode, in which the fluid and magnetic energy densities
and anisotropic stresses are compensated. This mode is
one of the possible solutions of Einstein’s equations with
free-streaming neutrinos, and it is independent of the way
the magnetic field is generated.
However, previous analyses have shown that there are
other perturbation modes from magnetic fields that add
to the compensated mode. There is first the so-called
passive mode, which is an adiabatic-like mode that de-
pends logarithmically on the time of generation of the
magnetic field η∗. Its contribution to the CMB spec-
trum is in general larger than the one of the compensated
mode (c.f. section V and Refs. [9, 32]). Accounting for
this mode would therefore change the bound in Eq. (1).
Or at least, given the Planck bound for the compensated
mode, it adds a constraint on the new parameter: η∗, i.e.
it constrains the time of magnetic field generation.
The purpose of this paper is to show the effect on the
CMB of yet another mode, which is also adiabatic, and
is present only if the magnetic field is generated dur-
ing inflation. We call it the inflationary magnetic mode.
The existence of this mode has been demonstrated in
Refs. [33–35], therefore this paper is intended as a follow-
up and complement of Ref. [33].
The inflationary magnetic mode is distinctively differ-
ent from the compensated and the passive modes, since
the curvature is dynamically generated only during infla-
tion, and remains constant in the radiation/matter era
(just as the usual inflationary mode due to the quan-
tum fluctuations of the inflaton field). Moreover, it does
not depend directly on the magnetic field power spec-
trum: we will show that through this new mode, even
a magnetic field which is far from scale invariance can
leave a detectable imprint on the CMB at large scales.
The distinction of such a mode from the usual inflation-
ary mode comes mainly from its statistics which is non-
Gaussian [34]. Another possible difference with respect
to the adiabatic mode from inflation is that this mode
can have logarithmic corrections to scale invariance, see
Eq. (10).
In this paper we show that this mode, if it is present,
generically dominates the contributions to the CMB tem-
perature perturbations due to the magnetic field. There-
fore, it should be taken into account when constraining
primordial magnetism with CMB data. As we shall see,
this implies, however, to insert the magnetic field gen-
eration time, or the redshift of reheating, as an extra
parameter in the magnetic field model, and diversify the
CMB constraints depending on the mechanism of gener-
ation of the magnetic field. On the other hand, if mag-
netic fields are generated during inflation and this mode
is present, it provides in principle a new way to deter-
mine the energy scale of inflation, which (in the simple
approximation used here) directly determines the reheat-
ing temperature.
The remainder of the paper is structured as follows:
in Section II, we revisit the model of inflationary magne-
togenesis which we adopt in the following. We basically
summarise the results of Ref. [33], showing the effect of
an inflationary magnetic field on the comoving curvature
perturbation ζ at super-horizon scales. In Section III, we
compute the metric perturbations analytically at super-
horizon scales until recombination. In Section IV, we
evaluate analytically the Sachs Wolfe effect, i.e. the tem-
perature anisotropy at large scale and at recombination
time, from the compensated, passive and the new infla-
tionary magnetic mode. In Section V we present the
different CMB spectra evaluated both analytically and
using the CAMB code [9], and we compare the contri-
butions of the different modes. In Section VI we discuss
our results and we conclude in Section VII.
Notation: Throughout this paper we use conformal
time η, comoving space coordinates x and wave vectors
k with the spatially flat metric ds2 = a2(η)(−dη2 +
δijdx
idxj); greek letters denote 4d spacetime indices
while latin letters denote 3d spatial indices and spa-
tial vectors are denoted in bold face. For the met-
ric and scalar field perturbations we follow the conven-
tions of [36]. An overdot denotes derivatives with re-
spect to conformal time η, and a prime with respect to
the variable x = |kη|. We define the Planck mass by
mP = (
√
8πG)−1.
II. INFLATIONARY GENERATION
MECHANISM
In this section we show that a primordial magnetic
field which is generated during inflation leads to a new
mode in the initial conditions for the evolution of metric
3perturbations after inflation. Specific examples of infla-
tionary generation mechanism are worked out, e.g., in
Refs. [37–46].
The existence of this mode is due to the fact that the
magnetic energy momentum tensor gravitates and per-
turbs the metric. The mode is therefore present for any
model of magnetic field generation from inflation, and
choosing a specific model only changes the details but
not the substance of this analysis, which can be easily
generalized to other generation mechanisms. We con-
sider the simplest existing model for magnetic field gen-
eration from inflation [38], even though it has been shown
to suffer from a strong coupling problem [29] (a pos-
sible way to avoid the strong coupling problem is pro-
posed e.g. in [47]). As shown in the following, the spe-
cific form of the coupling determines the power spectra
of the magnetic energy density and of the anisotropic
stress. We keep their amplitude and spectral index as
free parameters throughout the analysis (specific exam-
ples of inflationary generation mechanism for which the
metric perturbations have also been calculated are found
in [33, 34, 42, 48]).
The simplest existing model for inflationary magneto-
genesis consists in breaking conformal invariance through
a coupling between the electromagnetic field and the in-
flaton ϕ with an action of the form [37, 38]
S = − 1
16π
∫
d4x
√−g f2(ϕ)FµνFµν + Sϕ,g + · · · , (5)
where Fµν = Aν,µ−Aµ,ν is the Faraday tensor, and Aν is
the electromagnetic 4-vector potential. The time evolu-
tion of the electromagnetic field depends on the coupling
function f(ϕ). We parametrize it directly as a function
of conformal time obtained by inverting the background
inflaton evolution ϕ¯(η). We consider the simple case
f(η) = f1
(
η
η1
)γ
, (6)
where we restrict γ to the values −2 ≤ γ ≤ 2. This
ensures that the electromagnetic field remains subdom-
inant and does not back react on the background ex-
pansion during inflation [44, 45]. As shown in [33], for
super-horizon scales |kη| < 1, the magnetic field power
spectrum then scales as in Eq. (3), and the magnetic field
spectral index nB is related to γ through nB = 2γ + 1
for γ < 1/2, and nB = 3− 2γ for γ > 1/2. When γ = −2
the magnetic field is scale invariant (nB = −3), and when
γ = 1/2, nB = 2.
In [33] we have computed the energy density and
anisotropic stress of the electromagnetic field during in-
flation (here and in the following a sub- or super-script −
denotes the quantities during inflation while + indicates
the radiation era directly after inflation). On super-
horizon scales, x = |kη| < 1, we have found
Ω−Π ≡
√
k3PΠ
ρ¯2ϕ
=
H2
3m2P
CΠ(γ)x
α , (7)
Ω−em ≡
√
k3Pem
ρ¯2ϕ
=
H2
3m2P
Cem(γ)x
α , (8)
where PΠ(k, η) and Pem(k, η) are respectively the power
spectra of the electromagnetic anisotropic stress and en-
ergy density as defined in [33], ρ¯ϕ is the background en-
ergy density during inflation, H is the physical Hubble
scale during inflation, and
α =
{
4 + 2γ = nB + 3 if − 2 ≤ γ ≤ −5/4 ,
3/2 if − 5/4 ≤ γ ≤ 5/4 ,
4− 2γ = nE + 3 if 5/4 ≤ γ ≤ 2 ,
(9)
where nE denotes the spectral index of the electric field.
The coefficients CΠ(γ) and Cem(γ) are constants which
depend on the value of γ. For the simple coupling of
Eq. (6) they are expected to be of order 1, but one could
imagine specific models that would enhance or reduce
their value. Note that an electric field is also generated
by the coupling in Eq. (6). For γ < −5/4 the contribu-
tion of the electric field to the energy density Ω−em and to
the anisotropic stress Ω−Π is subdominant with respect to
the magnetic one and can therefore be neglected. How-
ever, for −5/4 < γ < 5/4 the electric contribution is of
the same order of the magnetic one and it enters in the
coefficients CΠ(γ) and Cem(γ). Finally, for γ > 5/4 the
electric field dominates and virtually no magnetic field is
generated by the coupling under consideration. In this
case, the electromagnetic anisotropic stress and energy
density depend on the spectral index of the electric field
nE .
The energy density and anisotropic stress of the elec-
tromagnetic field act as sources for the curvature per-
turbation during inflation. In [33] we have calculated
the comoving curvature perturbation and found that (c.f.
Appendix B for a discussion)
ζ−(x) ≃ H
2
9m2P ǫ
[
(α− 6)Cem(γ) + αCΠ(γ)
]
×
{ − log (x) if α = 0 (|γ| = 2)
α−1 if α 6= 0 (10)
where ǫ = (H2 − H˙)/H2 is the slow roll parameter,
H = a˙/a = aH . The above expression for ζ−(x) is valid
at super-horizon scales x < 1. Note that the pre factor
H2/(ǫm2P ) is of the order of the adiabatic power spec-
trum. Parametrically therefore, the power spectrum of
this contribution is of the order of the square of the adi-
abatic one. However, the log can be large on large scales
and also the term in square brackets in (10) may be sub-
stantially larger than 1.
We now study the impact of this inflationary magnetic
mode on the CMB, and compare it with the passive and
compensated modes.
4III. THE CURVATURE AND METRIC
PERTURBATIONS AFTER INFLATION
At the end of inflation the standard electromagnetic
action is recovered. The magnetic field stops growing
and is simply transferred to the radiation era, where it
scales as a radiation component, i.e., B2 ∼ 1/a4. The
electric field on the other hand is almost immediately
dissipated due to the very high conductivity of the cosmic
plasma [49].
The energy density and anisotropic stress of the mag-
netic field continue to source the curvature perturbation
ζ and the metric potentials Φ and Ψ also after inflation.
The metric in the longitudinal gauge reads
ds2 = a2
[−(1 + 2Φ)dη2 + (1− 2Ψ)dx2] , (11)
and ζ is related to Ψ and Φ by
ζ = Ψ+
2
3H(1 + w)
(
HΦ+ Ψ˙
)
. (12)
Combining Einstein’s equations and the conservation
equations one can write a second-order evolution equa-
tion for the curvature ζ valid after inflation, for the pre-
recombination phase (we have set the total entropy per-
turbation in the fluids to zero and consider standard adi-
abatic initial conditions):
ζ¨ +
[
2H+ 3H(w − c2s)− 2 c˙scs
]
ζ˙ + c2sk
2ζ = (13)
2wH
1 + w
{[
2c˙s
cs
− H
2
(
1 + 3w + 6c2s
)] (
Ω+Π +
Rν
3
πν
)
+
[H
4
(
1− 3c2s
)(
1 + 3w
)− c˙s
cs
]
Ω+B −
Rν
3
π˙ν
}
,
where πν denotes the anisotropic stress of the neutrinos
which starts to develop after neutrino decoupling, Rν =
ρ¯ν/ρ¯rad, cs and w are the background fluid sound speed
and equation of state parameter and a dot denotes the
derivative with respect to conformal time.
Ω+B(k) is a function denoting the fractional energy den-
sity of the magnetic field at wavenumber k and Ω+Π(k)
correspondingly denotes the fractional anisotropic stress.
They are both constant in time, since they are normalized
to the radiation energy density ρ¯rad. We define the mag-
netic field energy density and anisotropic stress power
spectra as
〈ρB(k, η)ρ∗B(q, η)〉 = (2π)3PρB (k, η)δ(k − q) , (14)
〈ΠB(k, η)Π∗B(q, η)〉 = (2π)3PΠB (k, η)δ(k − q) . (15)
The quantities above have to be understood in terms of
these spectra, as in Eqs. (7) and (8):
Ω+B(k) ≡
√
k3PρB
ρ¯2rad
and Ω+Π(k) ≡
√
k3PΠB
ρ¯2rad
. (16)
If the magnetic field has its origin during inflation, the
relation between Ω−em, Ω
−
Π and Ω
+
B , Ω
+
Π is not completely
trivial, since these quantities are not necessarily continu-
ous at the transition from inflation to the radiation dom-
inated era. During the radiation era many charged par-
ticles are present and the conductivity of the universe is
high, so that the electric field is rapidly damped. As pre-
viously mentioned, in Ref. [33] we have found that the
magnetic field dominates if γ < −5/4 while the electric
field dominates if γ > 5/4. If the electric field dominates
Ω−em, Ω
−
Π during inflation, then Ω
+
B , Ω
+
Π can be signifi-
cantly smaller than Ω−em, Ω
−
Π because the electric field
is dissipated after reheating. In the following, we shall
however disregard this possibility, since we know that
it cannot lead to significant magnetic fields. We there-
fore consider only γ ≤ 5/4, corresponding to nB ≤ 2
(note that the maximal nB is obtained for γ = 1/2 where
nB = 3− 2γ = 2).
Eqs. (7) and (8) are valid at super-horizon scales x < 1,
for which the transition between the inflationary and the
radiation dominated phase can be considered instanta-
neous. We assume that the transition happens at a time
instant η∗, for which Hinf(η = −η∗) = η−1∗ = Hrad(η =
η∗) ≡ H∗ = a∗H∗, while the background equation of
state parameter jumps from w ≃ −1 to w = 1/3. Af-
terwards, we know that the components of the magnetic
field energy momentum tensor decay in time as radiation.
We therefore simply set for the fractional energy density
and anisotropic stress
Ω+B ≃
H2∗
3m2P
Cem(γ)x
α
∗ , (17)
Ω+Π ≃
H2∗
3m2P
CΠ(γ)x
α
∗ , (18)
where x∗ = |kη∗| denotes the end of inflation, and we
neglect the contribution from the electric field.
Knowing Ω+B and Ω
+
Π, the evolution equation of the
comoving curvature can be solved. Moreover, in order
to evaluate the CMB anisotropies we want to determine
also the metric perturbation Ψ, which is related to the
curvature ζ by
Ψ˙ +
H
2
(5 + 3w)Ψ =
3H
2
(1 + w)ζ
+9wH
(H
k
)2 (
Ω+Π +
Rν
3
πν
)
. (19)
This equation has been derived from Eq. (12) using the
Einstein equation with indices i 6= j,
Ψ− Φ = 9w
(H
k
)2 [
Ω+Π +
Rν πν
3
]
. (20)
To solve Eqs. (13) and (19), we further need to specify the
background evolution and the neutrino anisotropic stress
πν(k, η). Note that in this work we make the simplifying
assumption that neutrinos are massless, since this does
5not affect our results substantially. For a treatment of
CMB magnetic field anisotropies (passive and compen-
sated modes) with massive neutrinos see Ref. [9].
A. Before neutrino decoupling
For T ≥ 1 MeV, neutrinos are coupled to the photons
and have negligible anisotropic stress πν = 0. Moreover
at these temperatures the universe is dominated by ra-
diation and w = c2s = 1/3, H = 1/η. The evolution
equations for ζ and Ψ take the simple form
ζ′′ +
2
x
ζ′ +
ζ
3
= −Ω
+
Π
x2
, (21)
where a prime denotes a derivative with respect to x =
kη; and
Ψ′ +
3
x
Ψ =
2
x
ζ +
3
x3
Ω+Π . (22)
Hence the curvature ζ is sourced by the magnetic field
anisotropic stress Ω+Π at order x
0. The metric potential
Ψ is sourced by Ω+Π at order x
−2 and by the curvature at
order x0.
Eq. (21) can easily be solved. The initial conditions for
ζ are fixed by the matching conditions at the end of infla-
tion. They insure the continuity of the induced 3-metric
and the extrinsic curvature at the transition from the in-
flationary era to the radiation era [33, 50]. Without a
magnetic field, this matching is trivial as all the relevant
quantities ζ, Ψ and Φ = Ψ turn out to be continuous
at the transition. In the presence of a magnetic field,
however, these conditions imply that both ζ and Ψ are
continuous at the transition for large scales x < 1, while
Φ is not [33]. Also the time derivative of ζ is not contin-
uous. To determine ζ′ at the beginning of the radiation
era, we need a relation between ζ and Ψ. Combining
Einstein’s equations with the derivative of ζ in Eq. (12)
we find (c.f. Eq. (16) of [33])
ζ′−(x) =
1
ǫx
(
x2Ψ− +Ω
−
Π +Ω
−
em − 9Ω−Q
)
, (23)
ζ′+(x) = −
1
2x
(
x2Ψ+
3
+ Ω+Π
)
. (24)
In Eq. (23), we keep only the lowest order terms in ǫ. Ω−Q
represents the Poynting vector contribution; it is defined
as in Eqs. (7) and (8), Ω−Q =
√
k3PQ/ρ¯2ϕ, where PQ is
the power spectrum of the quantity iHkˆjT 0j/k, and T 0j
is the Poynting vector component of the electromagnetic
energy-momentum tensor [33]. It is negligible when the
electric field is subdominant (γ < −5/4) but of the same
order of magnitude as Ω−Π and Ω
−
em for larger values of γ.
Using that Ψ is continuous at the transition, Eqs. (23)
and (24) imply
ζ′+(x∗) = −
ǫ
6
ζ′−(x∗)−
Ω+Π
2x∗
+
Ω−Π +Ω
−
em − 9Ω−Q
6x∗
, (25)
where x∗ = |kη∗| denotes the end of inflation, and ζ′−(x∗)
is obtained by deriving Eq. (10) with respect to x. This
condition, together with the continuity of ζ for which we
know the solution (Eq. (10)), provides the initial con-
ditions for Eq. (21) and allows us to find the curvature
during the radiation era. We obtain
ζ+ = ζinf + ζ∗ +Ω+Π log
(
η∗
η
)
+
(
1− η∗
η
)[
Ω+Π
2
+
Ω∗
6
]
, (26)
where ζ∗ ≡ ζ−(x∗) [c.f. Eq. (10)] and
Ω∗ =
1
3
{
Ω−Π +Ω
−
em − 9Ω−Q if α 6= 0
Ω−Π +Ω
−
em − 9Ω−Q − ǫ ζ∗log(x∗) if α = 0 .
(27)
There are four distinct contributions to ζ+:
(i) ζinf is the standard scalar adiabatic mode.
(ii) The contribution proportional to Ω+Π is a dynamical
mode generated by the magnetic field anisotropic
stress after the end of inflation. This mode has
already been computed in [32] and in [9] where it
is called the passive magnetic mode. It vanishes at
the transition, η = η∗.
(iii) ζ∗ ≡ ζ−(x∗) is a new contribution, computed for
the first time in [33]. It is directly transmitted from
inflation to insure the continuity of the curvature. It
is therefore a remnant of the inflationary period and
is absent if the magnetic field is generated causally
after inflation [32]. This inflationary magnetic mode
is constant in time. It is not affected by the behavior
of the magnetic field after inflation.
(iv) The term proportional to Ω∗ is also a new contribu-
tion, generated by the continuity of Ψ at the tran-
sition. It is however negligible with respect to ζ∗.
First of all, it is one order higher in the slow roll
parameter ǫ ≪ 1 (therefore, it is of the same or-
der in ǫ as other terms which we have neglected in
the derivation of expression (26)). Moreover, it is
further reduced by other factors. From Eqs. (10)
and (27) we see that the first part of Ω∗ is of the
order Ω−Π(x∗) ∼ ǫ xα∗ ζ∗ ≪ ζ∗ since x∗ ≪ 1, α ≥ 0
and ǫ ∼ 0.01 at the end of inflation. For α = 0
it contains a part (ǫ / logx∗) ζ∗, with | log x∗| ≫ 1.
Note that the amplitude of the first part of Ω∗ is
in principle of the same order as Ω+Π. However, it
is a non-dynamical component arising directly from
inflation, of the same nature of the inflationary mag-
netic mode ζ∗: we consistently compare it only to
this latter.
We neglect the subdominant Ω∗–contribution and the
decaying mode so that well into the radiation era, for
6η ≫ η∗, the curvature takes the simple form (ην denotes
the time of neutrino decoupling)
ζ ≃ ζinf+ζ∗+
[
1
2
+ log
(
η∗
η
)]
ΩΠ , η∗ ≪ η ≤ ην (28)
where here and in the following we drop the superscript +
for simplicity. Here, ΩΠ is the magnetic anisotropic stress
ratio in the radiation era.
Inserting the solution (28) into Eq. (22) and integrat-
ing, we find the Bardeen potential during the radiation
era
Ψ ≃ 2
3
ζinf +
2
3
ζ∗ +
3ΩΠ
x2
+
[
5
9
+
2
3
log
(
η∗
η
)]
ΩΠ , (29)
η∗ ≪ η ≤ ην .
The inflationary magnetic mode, ζ∗, generated by the
electromagnetic field during inflation, contributes to the
Bardeen potential in the same way as the standard infla-
tionary mode, ζinf . As the large scale CMB anisotropies
are determined by the Bardeen potentials1, we expect
the inflationary magnetic mode to generate CMB tem-
perature anisotropies in a similar way as the standard
inflationary term, although with a smaller amplitude
(c.f. Eq. (10)). To determine the CMB temperature
anisotropies, we need to evolve the metric perturbations
further, until recombination, accounting for neutrino de-
coupling.
B. After neutrino decoupling
To evolve the curvature and metric potentials until
recombination and evaluate the effect of the inflation-
ary magnetic mode ζ∗ on the temperature power spec-
trum we need to take into account that at a tempera-
ture Tν ∼ 1 MeV neutrinos decouple from the electron-
positron-photon plasma and start to free stream. They
develop an anisotropic stress that acts as a source for the
curvature and metric perturbations in Eqs. (13) and (19).
Moreover, at Teq ≃ 0.73 eV the universe evolves from ra-
diation domination to matter domination. The equation
of state w and the sound speed c2s depart from their ra-
diation value. As a result, not only the anisotropic stress
but also the magnetic energy density, ΩB, source the cur-
vature perturbation, see Eq. (13).
As studied in detail in [32] (see also [9, 51, 52]), once
neutrinos decouple, their anisotropic stress quickly ad-
justs at large scales to compensate the one of the mag-
netic field. The precise dynamical behaviour of πν can be
1 Note that the CMB temperature fluctuation ∆T/T from the
Sachs Wolfe effect can be determined directly by the curvature
perturbation ζ only in the standard adiabatic case for which
Φ = Ψ and the potentials are almost constant during the mat-
ter era. In the presence of non-zero anisotropic stresses at large
scales, i.e. when a magnetic field is present, ∆T/T depends on
both Bardeen potentials, as given in Eq. (36).
determined by combining the Boltzmann hierarchy with
the Einstein’s equations. It is well approximated by [32]
πν(η > ην) ≃ −3ΩΠ
Rν
(
1− η
2
ν
η2
)
+O(kη)2 . (30)
This compensation affects the subsequent evolution of
ζ and Ψ. Indeed, after compensation the magnetic
anisotropic stress ΩΠ does not source the curvature per-
turbation anymore. This stops the logarithmic growth of
ζ at η ≃ ην (c.f Eq. (28)). The only remaining source
term in Eq. (13) is then the magnetic energy density ΩB
with a pre-factor which vanishes in the radiation era. The
inflationary magnetic mode ζ∗ is not affected by this com-
pensation and it simply goes through neutrino decoupling
without alteration. The full solution for ζ is rather com-
plicated, hence we only write its behaviour in the limits
ην ≪ η ≪ ηeq and η ≫ ηeq, details can be found in
Ref. [32]:
ζ ≃ ζinf + ζ∗ +
[
ην
η
− 1
2
+ log
(
η∗
ην
)]
ΩΠ , (31)
ην ≪ η ≪ ηeq ,
ζ ≃ ζinf + ζ∗ + ΩB
4
+
[
−1
2
+ log
(
η∗
ην
)]
ΩΠ , (32)
η ≫ ηeq .
The analytical solution for ζ, together with the exact so-
lution obtained by integrating Eq. (13) numerically with
the correct expression for the neutrino anisotropic stress
instead of approximation (30) (c.f. Appendix B of [32]),
are shown in Fig. 1. Approximation (30) adjusts to the
value −3ΩΠ/Rν in a way which differs somewhat from
how the true πν(k, η) adjusts itself to the same value.
This is reflected in the curvature, leaving an offset be-
tween the approximated solution and the true one even
at late times. Since this offset is much smaller than the
amplitude of the passive mode in ζ, we neglect it and
keep using the analytical solution in the following.
The metric perturbation Ψ is also affected by the com-
pensation, that cancels the anisotropic source term scal-
ing as (H/k)2 in Eq. (19). As a result, the term 3ΩΠ/x2
in Eq. (29) cancels. Hence the metric perturbations Ψ
and Φ contribute to the large scale CMB anisotropies
only at next-to-leading order (kη)0. This has already
been found in [32] for the case of a magnetic field gener-
ated by a causal process (e.g. a primordial phase transi-
tion).
Solving Eq. (19) at order (kη)0 requires us to know the
evolution of the neutrino anisotropic stress at order (kη)2.
Combining the Boltzmann hierarchy with Einstein’s and
the conservation equations in the radiation era gives the
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FIG. 1: The comoving curvature ζ generated by an infla-
tionary magnetic field. Solid, black: the correct numerical
solution with the true πν . Dashed, black: the approximated
solution calculated from approximation (30). Dotted, ma-
genta: the asymptotic expressions given in Eqs. (31) (lower
line) and (32) (upper line). Dash-dotted, green: the approxi-
mation given in Eq. (86) of Ref. [9]. For this figure, we have
set ΩB = Ω
+
Π ≃ Ω
−
Π(x∗) ≃ ǫ ζ∗ ≃ 0.01 ζ∗, η∗/ην = 10
−22,
ην/ηrec = 10
−6 (the plot shows ζ after neutrino decoupling).
Note also the vertical axes: the differences are small, on the
level of 1%.
following expression for πν at next-to-leading order
πν(k, η) =
{
4
15 + 4Rν
[
ζ∗ + log
(
η∗
ην
)
ΩΠ
]
+ (33)
165ΩΠ − 42RνΩB
14Rν(15 + 4Rν)
}
k2η(η − ην) at O(kη)2 .
This solution is strictly valid only during the radiation
era and it obtains corrections at the transition into the
matter era. In our analytical approximation we use it,
however, until recombination since analytically it is not
possible to derive the exact solution. We do not expect
those corrections to change the result significantly. In the
numerical calculations we just use it for the initial con-
ditions which are in the radiation era but after neutrino
decoupling.
Inserting the solutions for πν and ζ into Eq. (19) we
find Ψ after neutrino decoupling (the initial condition is
given by Eq. (29)). Here we only write the inflationary
magnetic contribution ζ∗ to Ψ :
Ψim =
2(5 + 2Rν)
15 + 4Rν
ζ∗ , η ≪ ηeq (34)
Ψim =
3
5
ζ∗ , η ≫ ηeq . (35)
The inflationary magnetic mode is affected by neutrino
decoupling. It evolves from Ψim = 2ζ∗/3 before decou-
pling (see Eq. (29)) to expression (34) after decoupling.
This behaviour is like the one of the standard adiabatic
curvature perturbation ζinf that is also affected by the
anisotropic stress of the neutrino. Then, well into the
matter era, Ψim tends to 3ζ∗/5. In addition to the infla-
tionary magnetic mode, Ψ contains also the passive and
compensated modes already calculated in [7, 9, 32].
IV. THE SACHS WOLFE EFFECT, ANALYTIC
APPROXIMATION
We are now able to calculate the magnetic field contri-
bution to the CMB anisotropy. In this section we present
an analytical estimate of the Sachs Wolfe amplitude in
order to gain insight into the relative amplitudes of the
terms and their scaling. Following [32] we express the
Sachs Wolfe as
∆T
T
=
Dg γ
4
+ Ψ + Φ (36)
=
1
k
V˙γ − ΩB − 2ΩΠ
4(1−Rν) ,
where the last term after the second equality sign is the
contribution from the Lorentz force. The photon velocity
Vγ obeys the second order differential equation
V¨γ +
k2
3
Vγ = k(Φ˙ + Ψ˙) . (37)
Since we are interested in the large-scale solution, we can
neglect the k2-term in the above equation, so that
V˙γ = k(Φ + Ψ) + c . (38)
In Eq. (36) we have used V˙γ = k[Ψ + Φ + Dg γ/4 +
(ΩB−2ΩΠ)/4/(1−Rν)]. This implies that on large scales
Dg γ + (ΩB − 2ΩΠ)/4/(1− Rν) = c/k is constant. How-
ever, analytically there is no way to determine directly
the quantity Dg γ other than via the evolution equation
of Vγ . The constant of integration c can in fact be deter-
mined from the initial conditions, using that at neutrino
decoupling V˙γ(ην) = V˙ν(ην) = V˙ (ην). Up to neutrino
decoupling, photons and neutrinos behave indeed as a
single fluid and share the same velocity. Inserting the
solution (38) into Eq. (36) we find at η = ηrec
∆T
T
≃ 505 + 108Rν
135(15 + 4Rν)
[
ζinf + ζ∗ +ΩΠ log
(
η∗
ην
)]
+
(765 + 244Rν)
270(15 + 4Rν)
ΩB − 184005+ 48188Rν
5670(15 + 4Rν)
ΩΠ
− ΩB − 2ΩΠ
4(1−Rν) . (39)
The first term is the standard adiabatic contribution
to the Sachs Wolfe term. The second term is our in-
flationary magnetic mode, equivalent to the adiabatic
one. The third term is the contribution from the pas-
sive mode. Note that this part obtains corrections if one
relaxes the assumption of Eq. (30). The way in which the
neutrino anisotropic stress adjusts to the compensation
8value −3ΩΠ/Rν in fact introduces a correction of the or-
der ΩΠ in the passive mode (as shown in Fig. 1 for the
curvature perturbation). This correction is however neg-
ligible with respect to the logarithmic term. The second
line represents the contribution from the compensated
mode 2. Finally, the third line contains the contribution
from the Lorentz force.
As the Bardeen potentials from the compensated mode
are not constant in time, there is also an integrated Sachs
Wolfe term which is not accounted for in this analytical
approximation.
The inflationary magnetic mode ζ∗ contributes to the
Sachs Wolfe effect differently from the passive and com-
pensated modes: the temperature angular power spec-
trum of the passive and compensated modes depends on
the magnetic field spectral index, that determines the
k-dependence of ΩB and ΩΠ as (kη∗)α (c.f. Eqs. (17)
and (18)). On the other hand, since ζ∗ is independent
of k, i.e. scale invariant (up to a possible log correc-
tion if α = 0) for any spectral index nB (c.f. Eq. (10)),
its impact on the temperature power spectrum is always
scale invariant like the inflationary one: ℓ(ℓ+ 1)Cℓ ∝ ℓ0.
Hence, through this inflationary magnetic mode, even a
blue magnetic field can leave a detectable imprint on the
CMB at large scales, if it has a sufficient amplitude.
In the following we compare the amplitude and scaling
of the inflationary magnetic mode with the passive and
compensated modes, using both analytical estimates and
numerical evaluations: these latter are obtained using the
modified CAMB code of Ref. [9].
V. THE ANGULAR POWER SPECTRUM
Let us estimate the CMB anisotropy generated by the
different modes. We use the Fourier convention
f(k) =
∫
d3x e−ix·kf(x) , (40)
so that, as shown in [32] (for details see [53]), the tem-
perature power spectrum from the Sachs Wolfe effect at
large scales can be approximated by
Cℓ ≃ 2
π
∫ ∞
0
dk k2g2(ηrec)j
2
ℓ (k, η0)P∆T
T
(k, ηrec) , (41)
where g(ηrec) is the visibility function, jℓ(k, η0) the spher-
ical Bessel function and P∆T
T
(k, ηrec) the spectrum of
the temperature perturbation, the square of the terms
in Eq. (39). The amplitude of the inflationary magnetic
2 The Sachs Wolfe term from the compensated mode is slightly
different from the one given in Eq. (6.11) of [33], due to the
fact that [33] uses a different initial expression for piν at next-to-
leading order.
mode is given by
ζ2∗ = k
3Pζ∗ =
(
H2∗
m2P ǫ
)2
1
81
[
(α− 6)Cem + αCΠ
]2
×
{
log2
(
x∗) if α = 0
1/α2 if α 6= 0 (42)
so that the CMB power spectrum at large scales is effec-
tively flat, just as the inflationary one:
ℓ(ℓ+ 1)C imℓ
2π
≃ g
2(ηrec)
2π2
[
505 + 108Rν
135(15 + 4Rν)
]2(
H2∗
m2P ǫ
)2
×
1
81
[
(α − 6)Cem + αCΠ
]2{ log2 (η∗/η0) if α = 0
1/α2 if α 6= 0 (43)
For the passive mode, the CMB power spectrum de-
pends instead on the magnetic field spectral index. One
has to consider two cases: for −3 < nB < −3/2, the
anisotropic stress power spectrum behaves as k3PΠ ∝
k2nB+6 (c.f. Eqs. (18) and (9)). To evaluate the integral
of the Bessel function, one can use approximations (A3)
and (A4) of [18]. Restricting for example to the case
nB < −2, using Eq. (18) one finds
ℓ(ℓ+ 1)Cpassℓ
2π
≃ g
2(ηrec)
4π3/2
[
505 + 108Rν
135(15 + 4Rν)
]2
log2
(
η∗
ην
)
×
(
H2∗
3m2P
)2
CΠ
2(γ)
(
η∗
η0
)2nB+6 Γ[−nB − 2]
Γ[−nB − 3/2] ℓ
2nB+6
for nB < −2 . (44)
If the magnetic spectral index is not scale invariant
nB 6≃ −3, the amplitude of the CMB spectrum is severely
suppressed by the factor (η∗/η0)2nB+6. For nB > −2, the
above integral diverges in the UV and we have to intro-
duce the cutoff k < kD (c.f. Eq. (3)). If nB > −3/2,
the anisotropic stress power spectrum is flat k3PΠ ∝ k3.
One can use approximation (A2) of [18]. The value of
the integral of the Bessel function depends on the up-
per cutoff of the magnetic spectrum kD, and in the limit
kDη0 ≫ 1 [18], the CMB spectrum increases as ℓ2 for any
value of the magnetic power spectrum:
ℓ(ℓ+ 1)Cpassℓ
2π
≃ g
2(ηrec)
2π2
[
505 + 108Rν
135(15 + 4Rν)
]2
log2
(
η∗
ην
)
×
(
H2∗
3m2P
)2
CΠ
2(γ)
(
η∗
η0
)3
(kDη0) ℓ
2
for nB > −3/2 . (45)
Also in this case the result is severely suppressed by the
factor (η∗/η0)3 (note that kDη0 ≪ (η0/η∗)3).
The contributions from the compensated mode and the
Lorentz force in Eq. (39) are also proportional to ΩΠ and
ΩB. The Sachs Wolfe term from these modes has there-
fore the same ℓ-dependence as the Sachs Wolfe term from
the passive mode, shown in Eqs. (44) and (45). The
9amplitude is reduced due to the absence of the logarith-
mic term in Eq. (39). However, in addition to the Sachs
Wolfe effect, we expect also a significant integrated Sachs
Wolfe at large scale, since the compensated mode and the
Lorentz force generate non-constant metric potentials Φ
and Ψ. Our approximations, that only take into account
the Sachs Wolfe term, are consequently not expected to
be accurate for these contributions (therefore we do not
show them here).
From these rough analytic estimates we infer that the
contribution of the inflationary magnetic mode to the
CMB anisotropies always dominates over the passive and
the compensated modes. Comparing Eqs. (18) and (42),
one sees that the amplitude of a given k of the passive
mode is suppressed by a factor ǫ2 and x2α∗ ≪ 1 with
respect to the inflationary magnetic mode. In the Cℓ
spectrum the second suppression is converted to a factor
(η∗/η0)2α. The suppression is stronger for bluer mag-
netic fields with a larger α. Assuming that the mag-
netic anisotropic stress and energy density are perfectly
anti-correlated, Cem(γ) = −CΠ(γ) (as suggested by the
numerical analysis of [7, 9]), and restricting to the case
γ < −5/4, so that the magnetic field dominates and its
energy density and anisotropic stress are continuous at
the transition to the radiation era, one finds
Cpassℓ
C imℓ
≃ ǫ2
[
log2
(
η∗
ην
)](
η∗
η0
)2nB+6 Γ[−nB − 2]
Γ[−nB − 3/2]
ℓ2nB+6
{
1/ log2
(
η∗/η0
)
if nB → −3
(nB + 3)
2 if − 3 < nB < −2
It appears that Cpassℓ ≪ C imℓ . The same applies if nB >
−3/2, c.f. Eqs. (43) and (45).
Note that this analysis applies to the case of a mag-
netic field entirely generated during inflation and trans-
mitted to the radiation era without amplification. How-
ever, processes during reheating may lead to significant
amplification of the magnetic field [27]. Moreover, phase
transitions in the early universe are expected to generate
primordial magnetic fields as well [54]. Such processes
would amplify the passive and compensated mode, but
they are not expected to modify the inflationary magnetic
mode. They may consequently change the above ratio
between the passive mode and the inflationary magnetic
mode.
In Fig. 2 we show some examples of CMB spectra
for the standard inflationary mode and the magnetic
modes, derived using the modified CAMB code of [9],
and we compare them with our analytical approximations
at large scale. The amplitude of the standard adiabatic
mode is
ζ2inf = k
3Pζinf =
2πH2∗
m2P ǫ
≃ 2π2 · 2.1× 10−9 , (46)
where the factor 2π2 accounts for our Fourier conven-
tion (40) and power spectrum convention (2) that are
different from those used in CAMB. From Eq. (42) we see
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FIG. 2: Temperature angular power spectrum (in µK2) for
a magnetic field with spectral index : nB = −2.99 (upper
panel), nB = −5/2 (middle panel) and nB = −2.1 (bottom
panel). For each case we plot (from top to bottom) the stan-
dard adiabatic mode (red), the inflationary magnetic mode
(blue), the passive mode (green) and the compensated mode
with Lorentz force (black). The solid lines are the numerical
results from CAMB and the dashed lines are our analytical
approximations to the Sachs Wolfe effect given in Eqs. (43)
to (45), valid at low ℓ. Note that in the middle and bottom
panel we do not show the 24 (respectively 44) orders of magni-
tude between the inflationary magnetic mode and the passive
mode.
that the inflationary magnetic mode is suppressed by a
factorH2∗/(m
2
P ǫ) ≃ 6×10−9 with respect to the standard
adiabatic mode of Eq. (46). In order to leave an impact
on the CMB, the coefficients C2Π/α
2 and C2em/α
2 need
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therefore to be large. In Fig. 2 we choose CΠ = −Cem
such that ζ2∗ ∼ 0.01 · ζ2inf . We consider three different
cases:
• nB = −2.99, so that α = 0.01, and CΠ = 46 ,
• nB = −5/2, so that α = 1/2 and CΠ = 2315 ,
• nB = −2.1, so that α = 0.9 and CΠ = 4166 .
Clearly, blue spectra require large, unphysical values of
CΠ in order to leave a ∼ 1% impact on the CMB. This re-
quires fine-tuning of the generation mechanism: our sim-
ple model produces indeed CΠ ∼ 20 for nB = −2.99 and
values of order unity for nB = −5/2 and nB = −2.1. In
Fig. 2 we see that the inflationary magnetic mode domi-
nates over the passive and compensated modes at all mul-
tipoles by several orders of magnitude. It therefore leads
to much stronger constraints on the primordial amplitude
of the magnetic field than the passive and compensated
modes considered in [7, 9]. We also compare the numer-
ical angular power spectrum with our analytical expres-
sions Eqs. (43) and (44) (dashed line), which provide a
good approximation at large scale ℓ . 100. Note that for
these approximations we have chosen ǫ ≃ 0.01 and η∗ is
determined from Eq. (46) so that η∗/η0 ≃ 3.1× 10−28.
VI. DISCUSSION
We have demonstrated that the inflationary magnetic
mode always dominates the passive and compensated
ones. It should therefore be taken into account when
constraining primordial magnetism with the CMB. A full
MCMC analysis is beyond the scope of this paper, but
it is possible to predict analytically the constraints on
the late time magnetic field that would result from the
inflationary mode. In order to do so, we want to relate
the amplitude of ζ∗ to the magnetic field amplitude Bλ
and the spectral index nB.
Under the hypothesis that the energy density and the
anisotropic stress of the magnetic field are perfectly anti-
correlated Cem(γ) = −CΠ(γ), ζ∗ can be directly related
to the magnetic field energy density ΩB, c.f Eqs. (42)
and (17). The magnetic energy density power spectrum
at the beginning of the radiation era is
k3PρB (k, η∗) = [3m
2
PH
2
∗ ΩB]
2 , (47)
obtained from Eq. (16) where we have set the en-
ergy density at the beginning of the radiation era
ρ¯rad(η∗) ≡ ρ∗ = 3H2∗m2P = g∗effaSBT 4∗ . The energy den-
sity power spectrum today becomes then PρB (k, η0) =
(a∗/a0)8PρB (k, η∗), which can be expressed in terms of
Bλ. In order to do this, we use the definitions and the
approximated spectra given in Sec. II of Ref. [18], which
read:
PρB (k, η0) ≃


A2
B
(η0) k
2nB+3
D
32π4(2nB+3)
, if nB < − 32
3A2
B
(η0)nB k
2nB+3
128π4(2nB+3)(nB+3)
, if nB > − 32
(48)
where AB(η0) is related to Bλ through Eq. (4). Together
with Eq. (47), we have then all the ingredients to relate
ΩB and therefore CΠ(γ) to Bλ and nB, and to substi-
tute it into Eq. (42). We finally obtain (T0 denotes the
temperature today):
ζ∗ =
B2λ
ρ∗
1
ǫ
(
T∗
T0
)4
(49)

√
3nB
8Γ2[
nB+3
2
](nB+3)3(2nB+3)
(
λ
η∗
)nB+3
, if nB < − 32
2√
32Γ[
nB+3
2
]
√
2nB+3
(
λ
η∗
)3/2
(kDλ)
nB+
3
2 , if nB > − 32
A rough constraint on Bλ as a function of nB can
be derived by imposing that the amplitude of the CMB
spectrum from the magnetic field at large scales must
not overcome the observed value. Using the above equa-
tion (49) into the CMB spectrum originated from the
inflationary magnetic mode Eq. (43), and setting
ℓ2C imℓ ≤ ℓ2Cℓ ≃ 7.9 × 10−10 , (50)
we derive the constraint shown in Fig. 3.
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FIG. 3: Upper bound on the magnetic field amplitude today
smoothed on a scale of 1 Mpc, as a function of the magnetic
field spectral index nB . The bound is obtained from the ef-
fect on the CMB of the inflationary magnetic mode Eq. (43):
it applies to magnetic fields generated during inflation. For
nB > −3/2, we have set kDη0 = 3000 (c.f. Ref. [18]).
This figure shows that only in the nearly scale invari-
ant case, where nB ∼ −3 it is possible to have large
(nG) magnetic fields on the scale of λ = 1 Mpc without
generating too large a contribution from the inflation-
ary magnetic mode in the CMB. This is due to the huge
factor
λ
η∗
≃ 1.4× 1023 T∗
1016GeV
λ
Mpc
, (51)
which enters in the amplitude of the inflationary
mode when ζ∗ is expressed in terms of Bλ (c.f.
Eq. (49)). If nB < −3/2, the constraint on Bλ
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varies as (η∗/λ)(nB+3)/2. Therefore, it becomes more
stringent as the spectral index increases. If nB >
−3/2, the dependence on the spectral index is much
weaker, since Bλ varies as (η∗/λ)3/4/(kDλ)(2nB+3)/4 =
(η∗/kD)3/4/(kDλ)nB/2 with k
−1
D ≫ η∗. This change in
the slope is clearly visible in Fig. 3.
The dependence on Bλ and on η∗ is a general feature
of the CMB spectrum generated by an inflationary mag-
netic field, and it does not depend on the details of the
generation model that we have chosen in this analysis.
A somewhat stronger constraint is obtained when tak-
ing into account that the CMB fluctuations from a mag-
netic field are non-Gaussian and lead to a bispectrumBimℓ
which is parametrically of the order of
(
C imℓ
)3/2
such that
fNL ∼ ℓ3Bimℓ /(ℓ2Cℓ)2 ∼
(
ℓ2C imℓ
)3/2
/(ℓ2Cℓ)
2 <∼ 10 .
The upper limit on fNL is the Planck limit from [56] on
f localNL . Inserting (50) for ℓ
2Cℓ, we obtain
ℓ2C imℓ
<∼ 4× 10−3 ℓ2Cℓ . (52)
Since C imℓ scales with B
4
λ this reduces the limit shown
in Fig. 3 only by about a factor 5. On the other hand,
this is a very rough estimate taking into account only
the parametric dependence. The true value may well
contain a pre-factor which differs considerably from 1, see
discussion of Ref. [34] below. We therefore have plotted
only the much safer limit C imℓ ≤ Cℓ.
Strictly speaking, the CMB only puts a constraint on
the parameter Cem(γ) = −CΠ(γ). In the context of the
particular model given by Eqs. (5) and (6), this parame-
ter is known once the value of γ is fixed [33]. The CMB
constraint can therefore be translated into a constraint,
e.g. on the energy scale of inflation [55]. In this case,
the amount of magnetic field generated is therefore com-
pletely determined by the choice of γ. It has been shown
in previous analyses (and can be inferred from Eq. (17))
that if nB is significantly larger than −3, ΩB is strongly
suppressed on large scales and one cannot expect a large
field amplitude Bλ for λ of the order of the Mpc [44, 45].
However, the spirit of this paper is to put the inflation-
ary magnetic mode on the same footing as the passive
and the compensated modes, and to use it to set model
independent constraints on the magnetic field amplitude
today using the CMB.
The constraint on Bλ shown in Fig. 3 is model indepen-
dent in the sense that it is mainly set by the dependence
of Eq. (49) on the factor λ/η∗. The numerical pre-factor
in Eq. (49) depends somewhat on the choice of the model
of Eqs. (5) and (6), but this dependence is negligible com-
pared to the main feature of the constraint, i.e., its strong
dependence on nB.
Basically, the difference from the passive and compen-
sated modes is that, for the inflationary mode, the in-
tegrated magnetic energy density (up to the tiny scale
η∗) is converted into a scale invariant ζ∗, and influences
the CMB constraint on the magnetic field amplitude at
large scale Bλ. The passive and compensated modes, on
the other hand, depend on the magnetic field spectrum:
therefore only the large scales contribute to the CMB
constraint.
In Fig. 4 we compare the CMB constraint on Bλ ob-
tained from the passive and the inflationary mode, for
nB < −2 (for the passive CMB spectrum we use approxi-
mation (44)). The constraint from the passive mode does
not become more stringent for higher values of the spec-
tral index. The CMB spectrum from the passive mode in
terms of Bλ contains in fact only a factor (λ/η0)
(nB+3)/2,
instead of the huge factor of Eq. (51) 3.
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FIG. 4: Region below the dashed line: constraint from the
passive mode from the CMB spectrum (44). Region below
the solid line: the same as Fig. 3.
In a full MCMC study, one has to vary the parameters
η∗, B1Mpc and nB. Note that the above equation (49)
can be used to express the initial conditions for the Boltz-
mann hierarchy given in Appendix A in terms of B1Mpc
and nB. In the simple model discussed here, the ad-
ditional slow roll parameter ǫ appearing in Eq. (49) is
actually not a free parameter but can be inferred from
B1Mpc and the amplitude of inflationary perturbations.
However this may change in a more sophisticated model
for the generation of magnetic fields during inflation.
As mentioned before, in addition to the power spec-
trum, the inflationary magnetic mode induces a distinct
bispectrum since it is non-Gaussian [18, 34]. As for the
CMB spectrum, there is a non-Gaussian contribution in
the CMB temperature anisotropy arising from the infla-
tionary magnetic mode (the one calculated in [34]) and
one arising from the passive and compensated modes,
which corresponds to the one evaluated in e.g. [18]. If
the generation of the magnetic field arises during infla-
3 Note that we could have chosen to express the CMB constraint
in terms of the integrated magnetic field amplitude 〈B2〉 ≃
B2λ(kDλ)
nB+3. We have chosen Bλ since it is the quantity cus-
tomarily used in CMB analyses. In terms of
√
〈B2〉, the result
in Fig. 3 would simply change by a factor (kDλ)
(nB+3)/2.
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tion, the non-Gaussian contribution from the inflationary
magnetic mode is the dominant one. Ref. [34] estimates
that a scale invariant magnetic field spectrum generates
a bi-spectrum with f equiv. localNL ≃ 1280PN3CMB(Ntot −
NCMB), where P = H2∗/(πm2P ǫ) ≃ 2.1× 10−9 is the am-
plitude of the fluctuations of the inflationary spectrum,
NCMB is the number of e-folds before the end of inflation
when the observable scales leave the horizon, while Ntot
is the total number of e-folds of inflation4. Because of the
presence of Ntot, in the perfectly scale invariant case the
amount of non-Gaussianity cannot be determined pre-
cisely. On the other hand, for a magnetic field spectrum
only close to scale invariance, the factor (Ntot − NCMB)
is absent, since it comes directly from the logarithmic
divergence of the magnetic energy density power spec-
trum when nB = −3. If the magnetic spectral index is
close to scale invariance, we can assume for an order of
magnitude estimate that the calculation of [34] applies
also to this case, and that f equiv. localNL ∼ 1280PN3CMB:
one obtains then f equiv. localNL ≃ 0.4 to 0.7, well below the
current Planck limit of roughly fNL ≤ 10 [56]. There is
therefore no indication that the model analyzed in this
paper is excluded by the new bounds on non-Gaussianity
from Planck. Constraints on the magnetic field ampli-
tude B1Mpc as a function of the spectral index can be
placed imposing the Planck upper bound on fNL on the
non-Gaussianity due to the inflationary magnetic mode.
As for the constraints from the power spectrum, we ex-
pect these would be stronger than the constraints derived
in [18] from the compensated mode.
VII. CONCLUSIONS
In this paper we have computed the CMB anisotropy
spectrum from magnetic fields generated during inflation.
We have paid special attention to a new mode which we
call the inflationary magnetic mode. It is due to contri-
butions to the comoving curvature perturbation ζ which
come from the perturbations of the geometry by the mag-
netic field during inflation.
This mode is always scale invariant, and dominates the
CMB signal with respect to the passive and compensated
magnetic modes, which are sourced by the magnetic field
after inflation. We have evaluated analytically the CMB
spectra from the inflationary magnetic mode and inferred
an analytical constraint on the magnetic field amplitude
today, as a function of the magnetic field spectral in-
dex. The constraint is much stronger than what is usu-
ally found with CMB analyses for spectral indexes far
from scale invariance: through the inflationary magnetic
mode, even a magnetic field with spectrum far from scale
4 Since the calculations of ζ in Refs. [34] and [33] differ significantly,
we show in Appendix B that they are nevertheless equivalent.
invariance can leave a detectable imprint in the CMB.
The new mode should therefore be accounted for when
constraining primordial magnetism with the CMB. This
implies however that the magnetic field generation time
must be inserted as a new parameter in CMB analyses,
and the constraints on the magnetic field amplitude and
spectral index should be diversified depending on the gen-
eration mechanism of the primordial magnetic field.
In this analysis we started from a given model of infla-
tionary magnetogenesis, where the standard electromag-
netic action is modified by inserting a specific coupling
with the inflaton in the kinetic term, breaking conformal
invariance. However, the constraint on the magnetic field
amplitude that we finally derive from the CMB tempera-
ture spectrum does not depend strongly on the choice of
the magnetogenesis model, apart from the numerical pre-
factor. The strong dependence on the magnetic spectral
index, which is the novelty of this CMB constraint with
respect to those obtained using the passive and compen-
sated modes, is a general feature of any magnetic mode
in the curvature perturbation generated during inflation.
Magnetic fields also generate vector and tensor pertur-
bations during inflation: a homogeneous (inflationary)
magnetic vector mode subsequently decays and does not
leave any signature in the CMB, however, a tensor mode
might be present and should also be taken into account
in a full MCMC study.
Finally, we want to point out that the inflationary mag-
netic mode obtained in Ref. [33] is actually more general
than its derivation. The vacuum fluctuations of an ar-
bitrary light field which is not conformally coupled, e.g.
a minimally coupled light scalar field, will be amplified
during inflation. Even if the field decays after inflation
e.g. into standard model particles, its contribution ζ∗ to
the curvature will remain by continuity and might result
in observable temperature anisotropies which, generically
will be non-Gaussian. Therefore, limits on primordial
non-Gaussianity also provide a limit on the number of
light fields which are non-conformally coupled during in-
flation. This is an interesting new window into very high
energy physics from cosmological observations.
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Appendix A: Initial conditions for the new mode
We can derive initial conditions for the metric and mat-
ter perturbations variables by combining Einstein’s and
the conservation equations. We place ourselves in the
radiation era, well after neutrino decoupling so that the
anisotropic stress of the magnetic field has been com-
pletely compensated by the neutrino anisotropic stress at
lowest order: πν = −3ΩΠ/Rν . We give the initial condi-
tions for the synchronous gauge variables used in CAMB
and for the gauge invariant metric potentials Φ and Ψ.
The passive and compensated modes are as in [7, 9]. Here
we write only the initial conditions for the inflationary
magnetic mode ζ∗ (an expression for ζ∗ in terms of the
magnetic field parameters is given in Eq. (49)):
h(η) =
1
2
(kη)2ζ∗ (A1)
η(η) =
(
1− 5 + 4Rν
12(15 + 4Rν)
)
(kη)2ζ∗ (A2)
δc(η) = −1
4
(kη)2ζ∗ (A3)
vc = 0 (A4)
δν = −1
3
(kη)2ζ∗ (A5)
vν = − 23 + 4Rν
36(15 + 4Rν)
(kη)3ζ∗ (A6)
πν =
4
15 + 4Rν
(kη)2ζ∗ (A7)
Fν3 =
4
3(15 + 4Rν)
(kη)3ζ∗ (A8)
δb(η) = −1
4
(kη)2ζ∗ (A9)
vb = − 1
36
(kη)3ζ∗ (A10)
δγ(η) = −1
3
(kη)2ζ∗ (A11)
vγ = − 1
36
(kη)3ζ∗ (A12)
Ψ =
2(5 + 2Rν)
15 + 4Rν
ζ∗ (A13)
Φ =
10
15 + 4Rν
ζ∗ (A14)
Appendix B: The comoving curvature perturbation
In this appendix we compare the approaches of
Ref. [33] and Ref. [34] to calculate the comoving curva-
ture perturbation ζ. Ref. [33] derives and solves directly
the evolution equation for ζ, while Ref. [34] solves the
Klein-Gordon equation for the inflaton field perturbation
δϕ in the flat gauge. The two procedures must be exactly
equivalent. However, this is not immediately apparent,
since the source term of the equation for the inflaton field
perturbation (c.f. Eq. (43) of [34]) appears at first sight
unrelated to the source of the equation for ζ (c.f. Eq. (17)
of [33]), provided by the electromagnetic energy density
ρem and anisotropic stress Π = T
i
i/2− 3/2kˆikˆjT ji (T µν
is the energy momentum tensor of the electromagnetic
field):
δ¨ϕ+ 2H ˙δϕ+ k2δϕ = a2f dfdϕ¯ (E2 −B2) (B1)
ζ¨ + 2Hζ˙ + k2ζ = − 23 H
2a2
˙¯ϕ2
[
6ρem +
ρ˙em
H +
Π˙
H
]
(B2)
where ϕ¯ is the background inflaton field. In order to
demonstrate that these two equations are indeed equiva-
lent, one has to derive the relation between the comoving
curvature perturbation ζ and the scalar field perturba-
tion in flat gauge δϕ. Extending the definitions given
in [57] to incorporate the electromagnetic field, one finds
ζ =
H
˙¯ϕ
δϕ+
Ha2
˙¯ϕ2
qem (B3)
where qem = −ikˆi T 0i/k and T 0i is the Poynting vec-
tor component of the electromagnetic energy-momentum
tensor. In order to demonstrate the equivalence of
Eqs. (B1) and (B2), it is enough to derive the above
expression twice and make use of the electromagnetic en-
ergy and momentum conservation equations, that read:
ρ˙em + 4Hρem + k2qem = ˙¯ϕf dfdϕ¯(B2 − E2) (B4)
q˙em + 4Hqem − ρem3 + 23Π = 0 (B5)
The source term of the Klein Gordon equation (B1) is
related to the energy conservation of the system com-
posed by the scalar field plus the electromagnetic field:
from the definition of the total energy momentum tensor
in terms of the total Lagrangian Lem + Lϕ it is easy to
show that
∇µTµν = ∂Lem
∂ϕ
∇νϕ = ∇µ
(
∂Lϕ
∂(∇µϕ)
)
∇νϕ (B6)
where Tµν denotes as usual the electromagnetic energy
momentum tensor and the second equality comes from
the Klein Gordon equation.
The two approaches of Ref. [33] and Ref. [34] are there-
fore equivalent. Solving Eq. (B2) seems to us more con-
venient, since one has direct access to the metric pertur-
bation, which is the relevant quantity to evaluate directly
the CMB anisotropies. In the standard inflationary case,
once the field perturbation in the flat gauge δϕ is de-
termined, so is the comoving curvature perturbation ζ;
when an electromagnetic field is present, an extra term
(the Poyting vector) relates the two quantities, c.f. (B3).
Ref. [34] shows a posteriori that this term is anyway negli-
gible for ζ with respect to the contribution from δϕ. Note
that there is in principle no need to involve in the calcu-
lation the curvature perturbation in the uniform density
gauge.
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